THE FAR FIELD OF WAVES FORMED BY A DIPOLE IN A STRATIFIED FLUID STREAM
FLOWING AT THE CRITICAL VELOCITY
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The spatial problem of steady waves being generated during the flow around a dipole in
a uniform inviscid, incompressible, stratified fluid flow of finite depth is considered in a
linear formulation. Approximate semi-asymptotic solutions of analogous problems by numeri-
cal methods are known [1, 2] for given fluid density distributions over the depth. An exact
solution in the form of the sum of single integrals for waves from a source is obtained in
[3]. Recently a uniform asymptotic has been determined for the leading front domain of a
separate mode for the stream velocity c greater than the propagation velocity of the n-th
mode long waves cp [4, 5]. This asymptotic is expressed for a fluid of finite depth in terms
of Airy functions [4] and for an infinitely deep fluid by Fresnel integrals [5]. The
method of constructing the complete asymptotic expansions of the solution [3] is described
in [6] for c < c,.

The asymptotic of the exact solution (in a linear formulation) of the problem under con-
sideration is calculated in this paper for the critical stream velocity ¢ =cy,, including the
uniform asymptotic for the leading front domain.

Let the horizontal flow of an inviscid, incompressible fluid of depth H flow around a
submerged point dipole oriented against the flow. The fluid density in the unperturbed state
p¢(z) depends on one vertical coordinate z and does not decrease with depth. In a linear
formulation, the field of vertical fluid particle displacements ;(x, y, z) generated by the
dipole is described by the equation '

D* 37 (0u3y &) + 00 (N* + D) A = M2 [8(28(1) 7; oD =+ Hy)l} L

with the boundary conditions
(Dz-oz—gAz)§=b (2=0),t=0 (z=—1H), (2)

where D = cd/dx: A, = 382/3x% + 32/8y?; x, y are horizontal coordinates; the fluid flows at

the velocity c in the positive x direction; the dipole is at a point with the coordinates

(0,0, -H,); N2 = —gp;ldp,/dz is the square of the Brunt—Vaisala frequency, M is the magnitude

of the dipole moment, g is the free fall acceleration, and §(+) is the delta function. For

an infinite homogeneous fluid [7] the dipole yields the pattern for the flow around a sphere
of radius 3/M/2mc.

An exact solution of an analogous problem is obtained in [1] for waves from a point
source. It can be shown that the corresponding solution of (1) and (2) has the form

§= M @) oo (— H) X Ll v, 2) (3)
/2
ta=Be | Wn(0;z — H)G[—RpY* cos(d —y)] db.

Here R, Yy are polar coordinates of the horizontal (x, y) plane, x = R cos y; y = R sin v;

1Fn==PVn@;B)j%IVg(——fh;ex 532 is the arithmetic branch of the root; B, and W, are eigen-

0

values (B, > By > ...) and normalized eigenfunctions ( g p&Vﬁdz::i) of the Sturm—Liouville
“u

d -
problem —d%-(podiZ-W)—l— DN — YW =0 (—H <z2<0), =W —ghW =0 2=0), W=0 (z= —II),
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A = (c cos 8)"2. The G(u) in (3) is the analytic continuation of the function ¢(u)=
jt(ﬁ-+’ﬂ—1e—wdt039u:>0) in the complex plane of the variable<u with the slit (-, 0]. Let
4]

us describe the properties of the function G(u) briefly. Deduced from the definition is

G(—u) = G(u) + isne’®, s = sign (arg u); (4)
G(u) ~ — z_:l (— 1) @m — 1)l w2 npu |u|— oo, | argu| <<= (5)

Let us use the notation FXu)::éé[G(u)%—lnuL where the principal branch of the logarithm is

taken. The real parts of F(u) and the sum [G(u) + 1n u] vary continuously during passage
through the slit and along the real u axis, Re F(0) = n/2, Re[G(u) + In uly=y = —C,, and G,
is the Fuler constant. The functions G(u) and F(u) are also connected by the relationship

L Fw)=—G.

The properties of the dispersion dependences B,()) are described in detail in [3]. It
is essential for the purposes of this paper that B,(X) grow monotonically for X 2 0, tend
to infinity for A » =, where

0
g0V ilea+ [ 0o, (6)
—H

B _
dh

and have one simple zero A = A,. The critical velocity c, for the n-th mode waves is related
to An by the simple relationship cp = An~*/?. 1In the critical case ¢ = c, under considera-
tion in this paper, ths function r,,(8) = Bnl/z(c'zcos“ze) from (3) is even, positive for

8 # 0, and ru(0) = 0, &7y (4 0) = o a (0 = e} fron (An) ).

Let us analyze the contribution of the n-th mode to the far domain of the wave field
(as R> ©, y; € Yy £ T, Y; is a small positive number). First we make some remarks
about the technical aspect of calculating .the asymptotic expansion of the integral (3). Note
that for ¢ = ¢, the argument. of the function G(-) in (3) takes on only real values., It fol-
lows from (4) and (5) that

ReG (u) ~ 8xsinu — 23 (— )™ (2m —1)l u—2m, (7
m=1

where § = 0 for u > 0 and § = 1 for u < 0 when Im u = 0 and |u| - ~. Extracting the neigh-
borhood of the zeroes of the expression 4;,(8) = r,;(8)cos(8 — y), in conformity with (7)

we obtain a Fourier integral and power series for (3) for the remaining part of the interval
of integration. The asymptotic of the Fourier integral is calculated by the stationary phase
method [8]. The contributions of the zeros A,; are found by integration by parts [6]..

The functions A,;(8) have for 0 < y < m, y # 7/2 two simple roots 8, = 0 and 6; = y —
m/2, since

a a
55 Qa1 (01) = rna (6,) and 55 Any (2= 0) = = % cOS Y. (8)
If y =0 or y = m, then A,; has just one zero 8, (it is known that rj; cos 6 » c¢~! max N(z)
as 8 > /2, n 2 1 and ry; cos 6 » =), while if y = n/2, then A,; has one multiple zero. Let
us first examine the case when A,; has two zeros 6, # 6;. We select nonintersecting neigh-

borhoods V; and V; of the points 6, and 6;, respectively, and we arrange a partition of unity

(8]

Mo(6) -+ 12(8) + Mx(0) = 1. (9)

Here the functions ng(6) (k = 0,1) equal zero outside of Vi, are infinitely differentiable,
nk(8x) = 1 and d™ny(6y)/deé™ = 0 for m 2 1, and the functicn n,(8) is defined by the identity
(9). Now the expression (3) can be written in the form of the sum

9 /2

n = Z Loy Con = Re ‘S‘ 1P'nhG ("" RAnl) de, th = q’nnh- (10)

k=0 —n/2
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Let us calculate the asymptotic as R > +» for each of the components of (10). Let us regu-
larize the argument of the function G(:) by using the notation r,(8) = sign(8)r,,(8) and
Ly = ry cos(® — y). Using (4) we obtain

Loo = atIm [ Wore™nd0 + Re [ WoyG (— RA,)db. (11)
V,.8%0 Vo
Within an accuracy of O(R™), the first component in (11) equals the contribution of the
boundary point 6 = 0 [8]; the asymptotic of the second component and of {,; is found by inte-

gration by parts [6]. Consequently

Cno = Bn(R7 Y) + Zno(Rv Y)a Cnl = ZnI(Rv 'V)’ (12)
Ba(R, %)~ — 7 3 (— 1)’”3*‘2'”*1’1142”[3’-,’1] ,
m=Q AnB 8=
-] - ' ¥
Za (R, y) ~ & (—1)™R™*™ {In|A |iM?’"—1[-7—’*] 0, M =2
m‘:l ij *'d8 An() Anede
The principal term of the asymptotic is §n0==—-55'qﬂdo;z,——ffﬂ—%()(H-g) The support of the
n

function n,(6) in the remaining integral Cn2 is a combination of three intervals in which
[An:| is bounded uniformly from below. Using (4) and taking account of the signs of A,; in
these intervals, we find

0 /2 /2
Coy = 7 Im | Woee™®4nd0 + nlm | Wope™nd0 + Re | WayG(R|AL)dB,
8, 6, —ai/2 (13)

6, = min (8,, 8,) u 8, = max (0,, 0,).

The first integral in (13) differs from zero only for y < /2 and has at least one stationary
point since Afjg(8;) < 0 and A}g(0) > 0. The formulas for the complete asymptotic expansion
of the contributions of the simple, multiple, and almost stationary points are given in [8].
There are no other critical points for this component of (13). In every specific case in which the
stationary points can be found, let us denote their total contribution by S,(R, Y). The
sécond component in (13) in the domain 0 < y < 7 under consideration has no critical points
[1], consequently its contribution to the wave field is O(R™™). The asymptotic of the last
component in (13) is derived from (5) and the theorem on integration of asymptotic series

[8]. Consequently, as R » 4+«

gnz = Sn(Ra Y) -+ Dn(Rv 'Y)v (14)
o0 ﬂ_/z
Du(R, )~ — D (= "R @m— 1) | WAL,

m=1 —/2
Thus, if y # 7/2 in the far wave field domain g, to O(R™) accuracy equals the sum of the
contribution of the boundary point, the zeros A, (12), the stationary points, and the series
Dh(R, y) (14). The sum of the series in even powers of R from (12) and (14) can be written
in the form

had /2
Zug (R, %) + Za1 (R, 7) + Du(R,3) ~ — X (—)"R™"2m—1)1 | W,A7*"d0,
et i

where AL%M should be considered as generalized functions [9].

As y » w/2, merger of the zeros 6, and 8; of the argument of the function G in (3) occurs;
consequently, the asymptotic expansions obtained are not uniform in y, 0 < y; < vy < m. Let
us calculate the asymptotic {, in the neighborhood of the leading front, the plane x = O(y =
m/2). Let w be a small positive number, |81| < w, Vg = (2w, 2w) the neighborhood of the
point 8 = 0, ny(8) an infinitely differentiable function equal to one for [6[ < w and zero
outside Vo, while n,(6) = 1 — ng(6). In these notations ¢, equals the sum

gn = Cno + an- (15)

Here (11) is valid for {,,, while (13) without the first component is valid for Tp,, and there-
fore to O(R™) accuracy

Cne = Dy(R, Y)~ (16)
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The function A, satisfies the conditions (6.1.20) [8] A'g(0) = 0, 83pe(0) =2us, Apgy(0) =
—un for y = w/2, consequently [8] the equation Ajjg = O has just one solution 6,(y) for vy suf-
ficiently close to m/2 and replacement of the variable 8 = u(g, yv), is possible for which

2 B B N 2 (17
£2 = Ap(8) — Ang, Ang=As(8)), 3 u (0, y) ‘/A;;%(ez) )

and u(g, y) is holomorphic in the neighborhood of the point (0, 7/2). The replacement (17)
permits conversion of (11) to the form

Cno = nnl _i”' nm_u (18)

B oo
MNpp = T Im {eiRA"Z j (PneiRgzdg}, Mng = Re 5 (PnG [— R (‘éz + Ang)] dE,

—o0 —00

where B = sign (%—y) V =An: ¢uf) = ¥anguz » and @, is continued to zero outside the domain of

definition of u(f, y) in . The complete asymptotic expansions of the integrals (18) asR~ -
< are calculated by integration by parts by using a simple technical recipe. Let us demon-
strate it in the expansion of the first of the integrals in (18):

B B B
i ; P (8) =0, (O)]
[ en@ensdz=guo) [ et [ E 0Ol g

B B
ol B =@ (0 ppe 1| iRE g5 d [ 9 (8 =9, (0) 7
= (P, (0) S eﬂ?@d’é +—£—272_B_—— QiRB” __ 57 ‘S P ((Pn) o Rﬁzdg, p ((Pn) _ EE- [__—__g—_“«‘l.

—0

Continuation of this procedure yields the asymptotic expansion for the first component in

(18)

< cpv=—m | pm iRA ¢ iRe? P™ (0n) °
Mg ~ 7 Im 20 (— 2iR) P™ (qr) e m2 5‘ et FEE + SiRB : (19)
m== 0 —o0 0

The integral in (19) is expressed in terms of a special function, the Fresnel integral

B [’3
i p? 1 T 2 .
5‘ e JE = - V%‘D(Bli’m)’ D(u) = Vv 5 eit’dt.

As a result of the same integration by parts for M.

we obtain the series

g~ X (— 1)7 (2R) e {P‘Zm(cpn)lo o= P e, — & [ P e ms @l )
Jy=Re | G[—Rs,(B)dE, J,=Re | FI—Rsy®)IdE, sa(E)=E+An. : (21)

The integrands in (21) are holomorphic in the domain ¢ < arg £ < m, and since it follows
from (5) that [G(—Rsp| = O({g|™*) and [F(—Rs,y)| = O(|£|~2) as |£]| » =, the integrals in (21)
equal zero. Taking this into account, we rewrite(20):

oo

e~ 3 (= 1" 2Ry [ PP™ (@) In s (8| dE. (22)
Formulas (15), (16), (18), (19), and (22) yield the total asymptotic expansion for f, in the

neighborhood of the leading front. The principal term of the asymptotic Ln, a@s Y > ©/2 has
the form

—_— v
=nIm{‘I’n 1/ = —e'Fin (BRY?) lomoy| + ——n — (23)
" 2RA, 00 2J RBV‘ZA;'ISS =0,

+O(R™**| @ (BR'™)]).
0

\Fn
Hp®

0=
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Fig. 1

The representation of the closeness of the principal term of its asymptotic (23) to Tn
is given in the figure. Computations were performed for a fluid with a constant Brunt—
Vaisala frequency; the Boussinesq approximation and “solid cover' condition were used. Values
of T, are given in the figure to the accuracy of the factor w¥,, which is independent of 8
in this example [3], x; = xmn/H, y = H/wn. The solid curve corresponds to {,, computed by
means of (3); the dashes correspond to the first term in (23), containing the Fresnel integral;
the dots correspond to the sum of the next two components, which are O(R™!); and the dash-dot
corresponds to the whole principal term of the asymptotic §,. The results of the computations
performed show that the asymptotic obtained describes the contribution of the n-th mode in
the wave field sufficiently well for ¢ = c, even at a moderate distance from the wave genera-
tor. Taking account of terms of order O(R™!) improves the asymptotic estimate (23) substan-
tially.

In conclusion we note that the integral for the n, contribution of the n-th mode in the
wave field formed by a point source [6] diverges for ¢ = c¢,. However, the displacement field
n(x, y, z), generated by a system of source-sinks of intensity Q at the points (—a, 0, -H,)
and (¢, 0, -H,), is defined for ¢ = ¢, and is related to {(x, y, z) for a dipole by the formula

a
n(z, y, 2) = QM ™" S tx + &y, 2) dE. The asymptotic for the leading fronts of the waves in the
—a

cases ¢ > ¢ [4] and ¢ < ¢, [6] is expressed in terms of the Airy functioms in contrast to
(23). Therefore, known asymptotics for the leading fronts are not uniform in c for c close
to cp.
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